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An Information Theory for Out-of-Order Information:
DNA Data Storage and Beyond



Metagenomics

DNA storage

The wonders of high-throughput sequencing

RNA-seq high-throughput 
sequencer

Genome sequencing

• No location/ordering information!
• Reordering problem based on:

• Reference (side information)
• Overlaps
• Coding



Metagenomics

DNA storage

The wonders of high-throughput sequencing

RNA-seq high-throughput 
sequencer

Genome sequencing

• No location/ordering information!

Outline:

• Information-theoretic limits of   
out-of-order channels

• Efficiently finding overlaps
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Why store data in DNA?

Grass et al. 
2015

Longevity High information density

¨ Good candidate for archival storage



¨ Can we study the capacity of this channel?

¨ Distinctive property: out-of-order (shuffled) observations

Storing data on DNA
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CGACGAT

TTTCATGC

ACGTTATA

GGTATCCT

CTATAACT

TCGATTCG

CTATAACT

TTTCATGC

Noisy Shuffling Channel

10110110

00010101

11011011

10000100

11011101

00101000

11101001

10100111

shuffling
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Example: BSC Shuffling Channel

¨ What is the capacity of this channel?

shuffling channel

BSC (p)

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

(Maximum rate                      with               as  )



Example: BSC Shuffling Channel

shuffling channel

BSC (p)

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

cost of lack of ordering

<latexit sha1_base64="bcK/s5n4VJ3wyReo32IDzLHK3Jo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEurAk4muhUJpNlxXtA9oQJtNJO3QyCTMToYTixl9x40IRt36FO//GaZuFVg9cOJxzL/fe48eMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3mjJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9Lyh87Eb90TIWnE79QoJm6I+pwGFCOlJc/cc+AVdLy0K0JYvXXG8Brax7BWio88s2iVrSngX2JnpAgy1D3zs9uLcBISrjBDUnZsK1ZuioSimJFxoZtIEiM8RH3S0ZSjkEg3nb4whoda6cEgErq4glP150SKQilHoa87Q6QGct6biP95nUQFl25KeZwowvFsUZAwqCI4yQP2qCBYsZEmCAuqb4V4gATCSqdW0CHY8y//Jc2Tsn1ePrs5LVaqWRx5sA8OQAnY4AJUQA3UQQNg8ACewAt4NR6NZ+PNeJ+15oxsZhf8gvHxDWlklD8=</latexit>

C < CBSC = 1�H(p)

<latexit sha1_base64="cD0KUgNpqE69AWMeiGsf4G2UxQg=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBBikbArvhohmCZlBPOA7BJmJ7PJkNkHM3eFsKSw8VdsLBSx9SPs/BsnyRaaeODC4Zx7ufceLxZcgWV9Gyura+sbm7mt/PbO7t6+eXDYUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsb1aZ++4FJxaPwHsYxcwMyCLnPKQEt9cxCDd9gu4zrpfgUl7HjS0Lt1PEYkEnPLFoVawa8TOyMFFGGRs/8cvoRTQIWAhVEqa5txeCmRAKngk3yTqJYTOiIDFhX05AETLnp7IkJPtFKH/uR1BUCnqm/J1ISKDUOPN0ZEBiqRW8q/ud1E/Cv3ZSHcQIspPNFfiIwRHiaCO5zySiIsSaESq5vxXRIdA6gc8vrEOzFl5dJ66xiX1Yu7s6L1dssjhwqoGNUQja6QlVURw3URBQ9omf0it6MJ+PFeDc+5q0rRjZzhP7A+PwBlM+VkA==</latexit>

C = 1�H(p)� 1

�



Simple scheme: index + individual encoding

¨ Encode unique index into each block
¨ Individually encode block with an optimal BSC code

encode with 
BSC code

(blocklength
)

index data

0 0 0

0 0 1

0 1 0

1 1 1

...

...

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="OjAh28m+gpdxKMxzexL330RwjQM=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBDiJeyKjxyDXjwqGBWyIcxOepPB2ZllplcMS37Fi7/ixYMi3sSfcRL3oNGChqKqm+6uKJXCou9/eDOzc/MLi6Wl8vLK6tp6ZWPzyurMcGhxLbW5iZgFKRS0UKCEm9QASyIJ19Ht6di/vgNjhVaXOEyhk7C+ErHgDJ3UrTRCqfuhhBhrNIwN47ka5WEEyOjYoWpEQyP6A9yjIUtTo+8LvVup+nV/AvqXBAWpkgLn3cp72NM8S0Ahl8zaduCn2MmZQcEljMphZiFl/Jb1oe2oYgnYTj75cER3ndKjsTauFNKJ+nMiZ4m1wyRynQnDgZ32xuJ/XjvDuNHJhUozBMW/F8WZpKjpOC7aEwY4yqEjjBvhbqV8wFxO6EItuxCC6Zf/kqv9enBUP7w4qDZPijhKZJvskBoJyDFpkjNyTlqEkwfyRF7Iq/foPXtv3vt364xXzGyRX/A+vwBBYaOR</latexit>

log

✓
n

� log n

◆
⇡ log n

index length:

Rate: 



Converse idea

¨ Consider using code for BSC shuffling channel on a regular BSC

encode extra bits 
in the ordering 𝜎

BSC

How much of 𝜎 can we decode?

𝑛

𝑅!"#$% =
𝐼 𝜎; 𝑌&

𝑛 ≥
1
𝛽

⇒ 𝑅 +
1
𝛽 ≤ 1 − 𝐻 𝑝

…

decoder

…



Example: BSC Shuffling Channel

shuffling channel

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="cD0KUgNpqE69AWMeiGsf4G2UxQg=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBBikbArvhohmCZlBPOA7BJmJ7PJkNkHM3eFsKSw8VdsLBSx9SPs/BsnyRaaeODC4Zx7ufceLxZcgWV9Gyura+sbm7mt/PbO7t6+eXDYUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsb1aZ++4FJxaPwHsYxcwMyCLnPKQEt9cxCDd9gu4zrpfgUl7HjS0Lt1PEYkEnPLFoVawa8TOyMFFGGRs/8cvoRTQIWAhVEqa5txeCmRAKngk3yTqJYTOiIDFhX05AETLnp7IkJPtFKH/uR1BUCnqm/J1ISKDUOPN0ZEBiqRW8q/ud1E/Cv3ZSHcQIspPNFfiIwRHiaCO5zySiIsSaESq5vxXRIdA6gc8vrEOzFl5dJ66xiX1Yu7s6L1dssjhwqoGNUQja6QlVURw3URBQ9omf0it6MJ+PFeDc+5q0rRjZzhP7A+PwBlM+VkA==</latexit>

C = 1�H(p)� 1

�

I. Shomorony and R. Heckel, DNA-Based Storage: Models and Fundamental Limits, IT Transactions, 2021

BSC (p)
Result holds for most 
values of



General DNA Storage Channel
<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

Weinberger and Merhav, The DNA Storage Channel: Capacity and Error Probability Bounds

sampling channel

Lenz, Siegel, Wachter-Zeh, Yaakobi, The Noisy Drawing Channel: Reliable Data Storage in DNA Sequences

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

Poisson (𝜆) sampling channel

General DMC

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="cD0KUgNpqE69AWMeiGsf4G2UxQg=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBBikbArvhohmCZlBPOA7BJmJ7PJkNkHM3eFsKSw8VdsLBSx9SPs/BsnyRaaeODC4Zx7ufceLxZcgWV9Gyura+sbm7mt/PbO7t6+eXDYUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsb1aZ++4FJxaPwHsYxcwMyCLnPKQEt9cxCDd9gu4zrpfgUl7HjS0Lt1PEYkEnPLFoVawa8TOyMFFGGRs/8cvoRTQIWAhVEqa5txeCmRAKngk3yTqJYTOiIDFhX05AETLnp7IkJPtFKH/uR1BUCnqm/J1ISKDUOPN0ZEBiqRW8q/ud1E/Cv3ZSHcQIspPNFfiIwRHiaCO5zySiIsSaESq5vxXRIdA6gc8vrEOzFl5dJ66xiX1Yu7s6L1dssjhwqoGNUQja6QlVURw3URBQ9omf0it6MJ+PFeDc+5q0rRjZzhP7A+PwBlM+VkA==</latexit>

C = 1�H(p)� 1

�
cost of 

missing pieces



Metagenomics

DNA storage

The wonders of high-throughput sequencing

RNA-seq high-throughput 
sequencer

Genome sequencing

• No location/ordering information!
• Reordering problem based on:

• Coding
• Overlaps
• Reference (side information)



Shotgun Sequencing Channel

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{
¨ What is the capacity of this channel?



Shotgun Sequencing Channel

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

Shotgun Sequencing Channel
<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

Shuffling Channel
(noise-free)

• Cannot place unique identifiers
• Overlaps can help reordering

sequencing depth:

A. Ravi, A. Vahid and I. Shomorony, Coded Shotgun Sequencing, JSAIT, 2022



Shotgun Sequencing Channel

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

Shotgun Sequencing Channel
<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{
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overlaps neutralize 
lack of ordering 

information

Shuffling Channel
(noise-free)



Coding for the Shotgun Sequencing Channel
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¨ Better approach: interleave a pilot sequence in
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pilot data blocks

any read contains same 
amount of pilot symbols



Coding for the Shotgun Sequencing Channel

¨ Better approach: interleave a pilot sequence in

...

...
pilot data blocks

any read contains same 
amount of pilot symbols

...
codeword “skeleton” 

unique alignment

de Bruijn sequence
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interleaved pilot: doesn’t take advantage of overlaps



Coding for the Shotgun Sequencing Channel

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

¨ Achievability
¤ Random code: i.i.d. Ber(1/2) codewords

¤ Decoding: merge reads into “islands” + align to codewords

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{ merge



Shotgun Sequencing Channel

<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

Shotgun Sequencing Channel
<latexit sha1_base64="hJNW6PnzbBfaCZAS+O1BksfMaJo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1haaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCanhUijeQoGSd1LNaRxK3g5Ht1O//cS1EYl6wHHKg5gOlIgEo2gl3w85UuLLZEBUr1pz6+4MZJl4BalBgWav+uX3E5bFXCGT1Jiu56YY5FSjYJJPKn5meErZiA5411JFY26CfHbzhJxYpU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv953Qyj6yAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNqaKDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB01oAYMUnuEV3pzMeXHenY95a8kpZg7hD5zPH1lukUA=</latexit>

� log n

<latexit sha1_base64="YcyGgHRI90nkqNy7ch3pHMYTpqk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIohuh6MZlBfuQdiiZNNOGZpIxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJv5rTFVmknxYCYx9SM8ECxkBBsr+d0ImyHBPH2couteueJW3RnQMvFyUoEc9V75q9uXJImoMIRjrTueGxs/xcowwum01E00jTEZ4QHtWCpwRLWfzkJP0YlV+iiUyj5h0Ez9vZHiSOtJFNjJLKRe9DLxP6+TmPDKT5mIE0MFmR8KE46MRFkDqM8UJYZPLMFEMZsVkSFWmBjbU8mW4C1+eZk0z6reRdW9P6/UbvI6inAEx3AKHlxCDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fdjuR5A==</latexit>Y =
<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{

<latexit sha1_base64="lIY252Ftw+/F0fPjh9u7guRAn4U=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq3q3l9W6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5zWjWk=</latexit>

{
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Shuffling Channel
(noise-free)



Metagenomics

DNA storage

The wonders of high-throughput sequencing

RNA-seq high-throughput 
sequencer

Genome sequencing

• No location/ordering information!
• Reordering problem based on:

• Coding
• Overlaps
• Reference (side information)



Metagenomics

DNA storage

The wonders of high-throughput sequencing

RNA-seq high-throughput 
sequencer

Genome sequencing

• No location/ordering information!

Outline:

• Information-theoretic limits of   
out-of-order channels

• Efficiently finding overlaps

1

2



Finding pairwise overlaps

high-throughput 
sequencer

¨ Computational bottleneck in bioinformatics 
¨ Other applications: document comparison (plagiarism detection)

similar



Finding pairwise overlaps

high-throughput 
sequencer

¨ Given two noisy sequences, find best overlap between them

GCCGTAGGCGATTTGCCCG-CG
CGGTTTGTCCGACGGCGGCTAG 

𝑛

¨ Dynamic programming solution: 𝑂 𝑚#𝑛# time

𝑚



Finding overlaps in practice

𝑛

<latexit sha1_base64="02yN9mZgQ6C3Xry+RB6sxFBrsFQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTSrrn/pVu8vKrWbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBOLo0p</latexit>

...

𝐵 bits

sketching Can estimate overlap in time linear in B

𝑂 𝑚'𝐵 time instead of 𝑂 𝑚'𝑛'

¨ Fundamental tradeoff: Sketch size and overlapping accuracy 

<latexit sha1_base64="VmCQeAC6EzuBhosm6FETuAYj5T4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9tHvnvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZqd5flGs3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPgM42J</latexit>

X3

<latexit sha1_base64="t6PxhDYFW0Pj68F4vGq0QZsJamk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqewWUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD52+7JcrXtWbA68SPycVyNHol796g5imkilLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jikhmgmx+6hSfOWWAo1i7UhbP1d8TGZHGTGToOiWxI7PszcT/vG5qo+sg4ypJLVN0sShKBbYxnv2NB1wzasXEEUI1d7diOiKaUOvSKbkQ/OWXV0mrVvUvq7X7i0r9Jo+jCCdwCufgwxXU4Q4a0AQKQ3iGV3hDAr2gd/SxaC2gfOYY/gB9/gA4Ko3D</latexit>

Xm

<latexit sha1_base64="go2ELK+AiM9gKSpXarjiKJPMVkg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndZrd1fVOo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHdK42H</latexit>

X1

<latexit sha1_base64="NdtPhUjLl1VH68LOc5d2TGorNJw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+yWru/qNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPer42I</latexit>

X2



Distributed source coding formulation

¨ We focus on estimating the overlap size 𝜃 ∈ (0,1)

¨ Related to literature on distributed parameter estimation
(Amari et al., “Statistical inference under multiterminal data compression,” 1998)

X1

<latexit sha1_base64="wMH5rrk07cZmoRqpfSqqtwnZ/mI=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWtA9oh5JJM21okhmSjFiGbty71V9wJ279E//AzzDTzsK2HggczrmvnCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLrJ/NYjVZpF8sGMY+oLPJAsZAQbK923e16vXHGr7hRomXg5qUCOeq/80+1HJBFUGsKx1h3PjY2fYmUY4XRS6iaaxpiM8IB2LJVYUO2n01Mn6MQqfRRGyj5p0FT925FiofVYBLZSYDPUi14m/ud1EhNe+imTcWKoJLNFYcKRiVD2b9RnihLDx5Zgopi9FZEhVpgYm87clmx2bMTTpGSj8RaDWCbNs6p3Xr26O6/UrvOQinAEx3AKHlxADW6hDg0gMIAXeIU359l5dz6cz1lpwcl7DmEOztcviTaW+g==</latexit>

X2

<latexit sha1_base64="GraZLNWhO9F6sZfema7DBlOIpHs=">AAACAHicbVDLTgIxFL2DL8QX6tJNIzFxRWYIibojunGJUR4JTEindKCh7UzajpEQNu7d6i+4M279E//Az7ADsxDwJE1OzrmvniDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLpJ/dYjVZpF8sGMY+oLPJAsZAQbK923e5VeseSW3RnQKvEyUoIM9V7xp9uPSCKoNIRjrTueGxt/gpVhhNNpoZtoGmMywgPasVRiQbU/mZ06RWdW6aMwUvZJg2bq344JFlqPRWArBTZDveyl4n9eJzHhpT9hMk4MlWS+KEw4MhFK/436TFFi+NgSTBSztyIyxAoTY9NZ2JLOjo14mhZsNN5yEKukWSl71fLVXbVUu85CysMJnMI5eHABNbiFOjSAwABe4BXenGfn3flwPuelOSfrOYYFOF+/itCW+w==</latexit>

X

<latexit sha1_base64="soj6YsvO7qSUaN7cI5FI2ycgVhw=">AAAB+3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6Kbly2YB/QDiWTZtrQTGZI7ghl6Be41S9wJ279GD/A/zBtZ2FbDwQO59xzczlBIoVB1/12ChubW9s7xd3S3v7B4VH5+KRl4lQz3mSxjHUnoIZLoXgTBUreSTSnUSB5Oxg/zPz2M9dGxOoJJwn3IzpUIhSMopUanX654lbdOcg68XJSgRz1fvmnN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzQ6fkwioDEsbaPoVkrv5NZCjs+NKSjEbGTKLAhiOKI7PqzcT/vG6K4a2fCZWkyBVb/B2mkmBMZkWQgdCcoZxYQpkW9nzCRlRThrauku3FW21hnbSuqt519a5xXand5w0V4QzO4RI8uIEaPEIdmsCAwwu8wpszdd6dD+dzMVpw8swpLMH5+gVDLJTz</latexit>

Dec
<latexit sha1_base64="+C1ZSs3oVH6o7oZL5VG7anjL/yc=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gOaUDbbSbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3Q2ZACgUtFCihm2pgcSihE47vZn7nCbQRiXrESQpBzIZKRIIztJLvjxjmPo4A2bRfrbl1dw66SryC1EiBZr/65Q8SnsWgkEtmTM9zUwxyplFwCdOKnxlIGR+zIfQsVSwGE+Tzm6f0zCoDGiXalkI6V39P5Cw2ZhKHtjNmODLL3kz8z+tlGN0EuVBphqD4YlGUSYoJnQVAB0IDRzmxhHEt7K2Uj5hmHG1MFRuCt/zyKmlf1L2ruvtwWWvcFnGUyQk5JefEI9ekQe5Jk7QIJyl5Jq/kzcmcF+fd+Vi0lpxi5pj8gfP5A3vmkfk=</latexit>

✓̂

<latexit sha1_base64="LHkGOl8kuGOaXIfuTcfLxeWDP68=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxEhyhL3NJlmyu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvSqSw6PvfXmFldW19o7hZ2tre2d0r7x80bZwaxhsslrFpRdRyKTRvoEDJW4nhVEWSP0Sjm6n/8MSNFbG+x3HCQ0UHWvQFo+ikx86QYtaadINuueJX/RnIMglyUoEc9W75q9OLWaq4Riapte3ATzDMqEHBJJ+UOqnlCWUjOuBtRzVV3IbZ7OAJOXFKj/Rj40ojmam/JzKqrB2ryHUqikO76E3F/7x2iv2rMBM6SZFrNl/UTyXBmEy/Jz1hOEM5doQyI9ythA2poQxdRiUXQrD48jJpnlWDi6p/d16pXedxFOEIjuEUAriEGtxCHRrAQMEzvMKbZ7wX7937mLcWvHzmEP7A+/wBq1CQUQ==</latexit>

X̂1

B

<latexit sha1_base64="WBGXFNyG/6YwnDeBTdmsJGUHp6Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48V7Ie0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUkS8iQIl7ySaUxVI3g7GtzO//cS1EXH0gJOE+4oOIxEKRtFKj70Rxawz7df65Ypbdecgq8TLSQVyNPrlr94gZqniETJJjel6boJ+RjUKJvm01EsNTygb0yHvWhpRxY2fzQ+ekjOrDEgYa1sRkrn6eyKjypiJCmynojgyy95M/M/rphhe+5mIkhR5xBaLwlQSjMnsezIQmjOUE0so08LeStiIasrQZlSyIXjLL6+SVq3qXVbd+4tK/SaPowgncArn4MEV1OEOGtAEBgqe4RXeHO28OO/Ox6K14OQzx/AHzucPrNSQUg==</latexit>

X̂2

B

sketch
size

Distortion:
<latexit sha1_base64="1572igWJCXmbNenxlxgg3jxjJzQ=">AAACDnicbVDJSgNBEO1xjXGLevTSGALxYJgJoh6DC3iMYBbIjKGnU0ma9Cx21wgh5Au8+CtePCji1bM3/8bOctDEBwWv36uiq54fS6HRtr+thcWl5ZXV1Fp6fWNzazuzs1vVUaI4VHgkI1X3mQYpQqigQAn1WAELfAk1v3cx8msPoLSIwlvsx+AFrBOKtuAMjdTM5K5og+Zd7AIyekTdLkM6eR3eFalHXQn39LKZydoFeww6T5wpyZIpys3Ml9uKeBJAiFwyrRuOHaM3YAoFlzBMu4mGmPEe60DD0JAFoL3B+JwhzRmlRduRMhUiHau/JwYs0Lof+KYzYNjVs95I/M9rJNg+8wYijBOEkE8+aieSYkRH2dCWUMBR9g1hXAmzK+VdphhHk2DahODMnjxPqsWCc1Io3hxnS+fTOFJknxyQPHHIKSmRa1ImFcLJI3kmr+TNerJerHfrY9K6YE1n9sgfWJ8/+pqZjg==</latexit>

E[(✓ � ✓̂)2]  D

<latexit sha1_base64="VjvDF4xbyT1ybysx6b2ZYSDdOhQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RTAwkIcxOOsmQ2dl1plcIS37CiwdFvPo73vwbJ4+DJhY0FFXddHeFiZKWfP/by62srq1v5DcLW9s7u3vF/YO6jVMjsCZiFZtGyC0qqbFGkhQ2EoM8ChU+hMObif/whMbKWN/TKMF2xPta9qTg5KRGiwZInOlOseSX/SnYMgnmpARzVDvFr1Y3FmmEmoTi1jYDP6F2xg1JoXBcaKUWEy6GvI9NRzWP0Laz6b1jduKULuvFxpUmNlV/T2Q8snYUha4z4jSwi95E/M9rptS7amdSJymhFrNFvVQxitnkedaVBgWpkSNcGOluZWLADRfkIiq4EILFl5dJ/awcXJT9u/NS5XoeRx6O4BhOIYBLqMAtVKEGAhQ8wyu8eY/ei/fufcxac9585hD+wPv8Actyj84=</latexit>

✓n
<latexit sha1_base64="6HUcJmvhu/fY0nsWgYYMV/c6He8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUgyURRY9FLx4r2A9oQtlsN+3SzSbsToRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k391hPXRiTqEUcpD2LaVyISjKKV/Ip37uOAIz0jqlsqu1V3BrJMvJyUIUe9W/ryewnLYq6QSWpMx3NTDMZUo2CST4p+ZnhK2ZD2ecdSRWNugvHs5gk5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+53UyjG6CsVBphlyx+aIokwQTMg2A9ITmDOXIEsq0sLcSNqCaMrQxFW0I3uLLy6R5UfWuqu7DZbl2m8dRgGM4gQp4cA01uIc6NIBBCs/wCm9O5rw4787HvHXFyWeO4A+czx9wm5Cl</latexit>

(1� ✓)n
<latexit sha1_base64="6HUcJmvhu/fY0nsWgYYMV/c6He8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUgyURRY9FLx4r2A9oQtlsN+3SzSbsToRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k391hPXRiTqEUcpD2LaVyISjKKV/Ip37uOAIz0jqlsqu1V3BrJMvJyUIUe9W/ryewnLYq6QSWpMx3NTDMZUo2CST4p+ZnhK2ZD2ecdSRWNugvHs5gk5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+53UyjG6CsVBphlyx+aIokwQTMg2A9ITmDOXIEsq0sLcSNqCaMrQxFW0I3uLLy6R5UfWuqu7DZbl2m8dRgGM4gQp4cA01uIc6NIBBCs/wCm9O5rw4787HvHXFyWeO4A+czx9wm5Cl</latexit>

(1� ✓)n

¨ B(D): Minimum B required to achieve distortion D    (as 𝑛 → ∞)

Enc1

Enc2



9 13 7 14 28 91 0 31 4 5 45 13

31 86 53 6 7 18 9 23 9 70 3 94

6 7 41 42 32 9 91 10 5 34 54 8

40 2 61 3 8 30 92 42 90 25 72 81

17 97 13 52 48 5 45 37 23 1 74 19

4 5 45 13 2 9 42 37 8 3 99 17

9 70 3 94 17 5 45 21 19 52 14 80

5 34 54 8 31 14 11 9 52 4 59 27

90 25 72 81 13 87 53 45 9 35 12 11

23 1 74 19 23 52 98 3 29 76 33 35

h2
h3
h4
h5

X1 X2

h1 9 13 7 14 28 91 0 31 4 5 45 139 139

[0 3 5 2 1] [2 3 4 9 1]

¨ Sketches based on locality-sensitive hashing (min-hash)

Standard approach to sketching

<latexit sha1_base64="mLFlJRqI0GPqRP5KK47KMBHdnpU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8LbtR1IsQ9OIxgnlAdgmzk9lkyOyDmV4hLPkNLx4U8erPePNvnCR70MSChqKqm+6uIJVCo+N8Wyura+sbm6Wt8vbO7t5+5eCwpZNMMd5kiUxUJ6CaSxHzJgqUvJMqTqNA8nYwupv67SeutEjiRxyn3I/oIBahYBSN5Hk45EjJDXHs816l6tjODGSZuAWpQoFGr/Ll9ROWRTxGJqnWXddJ0c+pQsEkn5S9TPOUshEd8K6hMY249vPZzRNyapQ+CRNlKkYyU39P5DTSehwFpjOiONSL3lT8z+tmGF77uYjTDHnM5ovCTBJMyDQA0heKM5RjQyhTwtxK2JAqytDEVDYhuIsvL5NWzXYv7drDRbV+W8RRgmM4gTNw4QrqcA8NaAKDFJ7hFd6szHqx3q2PeeuKVcwcwR9Ynz8uhpB5</latexit>

✓ = 0.3

overlap estimate = 2/5



Standard approach to sketching

Enc1

Enc2

X1

<latexit sha1_base64="wMH5rrk07cZmoRqpfSqqtwnZ/mI=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWtA9oh5JJM21okhmSjFiGbty71V9wJ279E//AzzDTzsK2HggczrmvnCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLrJ/NYjVZpF8sGMY+oLPJAsZAQbK923e16vXHGr7hRomXg5qUCOeq/80+1HJBFUGsKx1h3PjY2fYmUY4XRS6iaaxpiM8IB2LJVYUO2n01Mn6MQqfRRGyj5p0FT925FiofVYBLZSYDPUi14m/ud1EhNe+imTcWKoJLNFYcKRiVD2b9RnihLDx5Zgopi9FZEhVpgYm87clmx2bMTTpGSj8RaDWCbNs6p3Xr26O6/UrvOQinAEx3AKHlxADW6hDg0gMIAXeIU359l5dz6cz1lpwcl7DmEOztcviTaW+g==</latexit>

X2

<latexit sha1_base64="GraZLNWhO9F6sZfema7DBlOIpHs=">AAACAHicbVDLTgIxFL2DL8QX6tJNIzFxRWYIibojunGJUR4JTEindKCh7UzajpEQNu7d6i+4M279E//Az7ADsxDwJE1OzrmvniDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLpJ/dYjVZpF8sGMY+oLPJAsZAQbK923e5VeseSW3RnQKvEyUoIM9V7xp9uPSCKoNIRjrTueGxt/gpVhhNNpoZtoGmMywgPasVRiQbU/mZ06RWdW6aMwUvZJg2bq344JFlqPRWArBTZDveyl4n9eJzHhpT9hMk4MlWS+KEw4MhFK/436TFFi+NgSTBSztyIyxAoTY9NZ2JLOjo14mhZsNN5yEKukWSl71fLVXbVUu85CysMJnMI5eHABNbiFOjSAwABe4BXenGfn3flwPuelOSfrOYYFOF+/itCW+w==</latexit>

<latexit sha1_base64="VjvDF4xbyT1ybysx6b2ZYSDdOhQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RTAwkIcxOOsmQ2dl1plcIS37CiwdFvPo73vwbJ4+DJhY0FFXddHeFiZKWfP/by62srq1v5DcLW9s7u3vF/YO6jVMjsCZiFZtGyC0qqbFGkhQ2EoM8ChU+hMObif/whMbKWN/TKMF2xPta9qTg5KRGiwZInOlOseSX/SnYMgnmpARzVDvFr1Y3FmmEmoTi1jYDP6F2xg1JoXBcaKUWEy6GvI9NRzWP0Laz6b1jduKULuvFxpUmNlV/T2Q8snYUha4z4jSwi95E/M9rptS7amdSJymhFrNFvVQxitnkedaVBgWpkSNcGOluZWLADRfkIiq4EILFl5dJ/awcXJT9u/NS5XoeRx6O4BhOIYBLqMAtVKEGAhQ8wyu8eY/ei/fufcxac9585hD+wPv8Actyj84=</latexit>

✓n

<latexit sha1_base64="78B0AmRipqQDEkhlRj22U98gX9A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9y2qteVGp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2VuM+Q==</latexit>n

0 3 5 2 1

2 3 4 9 1

¨ Achievable sketch size:  
<latexit sha1_base64="DRrBeXI74fk7HPgx6i0y7vru3OQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2Wmiros1YXLCvYBnaFk0kwbmknGJCOUYXDjr7hxoYhbv8Kdf2PazkJbD1w4Oedecu8JYkaVdpxvq7C0vLK6VlwvbWxube/Yu3stJRKJSRMLJmQnQIowyklTU81IJ5YERQEj7WB0NfHbD0QqKvidHsfEj9CA05BipI3Usw/q0GPkHnqhRDg9NQ8xgDxLr7OeXXYqzhRwkbg5KYMcjZ795fUFTiLCNWZIqa7rxNpPkdQUM5KVvESRGOERGpCuoRxFRPnp9IQMHhulD0MhTXENp+rviRRFSo2jwHRGSA/VvDcR//O6iQ4v/ZTyONGE49lHYcKgFnCSB+xTSbBmY0MQltTsCvEQmTC0Sa1kQnDnT14krWrFPa9Ub8/KtXoeRxEcgiNwAlxwAWrgBjRAE2DwCJ7BK3iznqwX6936mLUWrHxmH/yB9fkD2+iWdw==</latexit>

B  3 log n

D

¨ Sketches based on locality-sensitive hashing (min-hash)

match with 

probability (
')(



Fundamental Limits of Sketching

¨ Previous approach based on min-hash achieves
<latexit sha1_base64="nOXRIts6ZNHwCpb2Uop/6K8NqL8=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGVpUoKAsaqdGAsEn1ITVU5rtNadexgO0hVlIWFX2FhACFW/oGNv8FtM0DLka50fM698r3HjxhV2nG+raXlldW19dxGfnNre2fX3ttvKhFLTBpYMCHbPlKEUU4ammpG2pEkKPQZafmj64nfeiBSUcHv9Dgi3RANOA0oRtpIPfuoWqydQo+Re+gFEuHkzDzEAPI0qaU9u+CUnCngInEzUgAZ6j37y+sLHIeEa8yQUh3XiXQ3QVJTzEia92JFIoRHaEA6hnIUEtVNplek8MQofRgIaYprOFV/TyQoVGoc+qYzRHqo5r2J+J/XiXVw1U0oj2JNOJ59FMQMagEnkcA+lQRrNjYEYUnNrhAPkQlDm+DyJgR3/uRF0iyX3ItS+fa8UKlmceTAITgGReCCS1ABN6AOGgCDR/AMXsGb9WS9WO/Wx6x1ycpmDsAfWJ8/PMuXKg==</latexit>

B(D)  3 log n

D

minimum sketch size
distortion

Theorem: The function B(D) satisfies
<latexit sha1_base64="HY9J7OzCKJshQutYuPkOAHFrSzE="></latexit>

K1 · log
✓

1

D

◆
 B(D)  K2 · log2

✓
1

D

◆

New sketching idea: 

Lexicographic Hashing

I. Shomorony and G. Kamath, Sketching and Sequence Alignment: A Rate-Distortion Perspective, ISIT, 2022



New idea: Lexicographic Hashing

0 1 1 0 0 0 1 1 1 0 1 0 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 1 0 1

1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 1 0 1 1 1 0 0 0 1

X1

<latexit sha1_base64="wMH5rrk07cZmoRqpfSqqtwnZ/mI=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWtA9oh5JJM21okhmSjFiGbty71V9wJ279E//AzzDTzsK2HggczrmvnCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLrJ/NYjVZpF8sGMY+oLPJAsZAQbK923e16vXHGr7hRomXg5qUCOeq/80+1HJBFUGsKx1h3PjY2fYmUY4XRS6iaaxpiM8IB2LJVYUO2n01Mn6MQqfRRGyj5p0FT925FiofVYBLZSYDPUi14m/ud1EhNe+imTcWKoJLNFYcKRiVD2b9RnihLDx5Zgopi9FZEhVpgYm87clmx2bMTTpGSj8RaDWCbNs6p3Xr26O6/UrvOQinAEx3AKHlxADW6hDg0gMIAXeIU359l5dz6cz1lpwcl7DmEOztcviTaW+g==</latexit>

X2

<latexit sha1_base64="GraZLNWhO9F6sZfema7DBlOIpHs=">AAACAHicbVDLTgIxFL2DL8QX6tJNIzFxRWYIibojunGJUR4JTEindKCh7UzajpEQNu7d6i+4M279E//Az7ADsxDwJE1OzrmvniDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLpJ/dYjVZpF8sGMY+oLPJAsZAQbK923e5VeseSW3RnQKvEyUoIM9V7xp9uPSCKoNIRjrTueGxt/gpVhhNNpoZtoGmMywgPasVRiQbU/mZ06RWdW6aMwUvZJg2bq344JFlqPRWArBTZDveyl4n9eJzHhpT9hMk4MlWS+KEw4MhFK/436TFFi+NgSTBSztyIyxAoTY9NZ2JLOjo14mhZsNN5yEKukWSl71fLVXbVUu85CysMJnMI5eHABNbiFOjSAwABe4BXenGfn3flwPuelOSfrOYYFOF+/itCW+w==</latexit>

¨ Encode location of longest run of zeros

¨ Overlap estimate: +𝜃 = 1 − ( +𝑋! − +𝑋")

<latexit sha1_base64="SF76DAGrUSBt3flawMLw6SBfrHk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWk1sdGKLpxWcE+oAllMp20QycPZm6EEuLGX3HjQhG3/oU7/8Zpm4W2HrhwOOde7r3HiwVXYFnfRmFpeWV1rbhe2tjc2t4xd/daKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujm4nffmBS8Si8h3HM3IAMQu5zSkBLPfPAGRLAnV4VX2HHl4Smdi1LT8+ynlm2KtYUeJHYOSmjHI2e+eX0I5oELAQqiFJd24rBTYkETgXLSk6iWEzoiAxYV9OQBEy56fSDDB9rpY/9SOoKAU/V3xMpCZQaB57uDAgM1bw3Ef/zugn4l27KwzgBFtLZIj8RGCI8iQP3uWQUxFgTQiXXt2I6JDoH0KGVdAj2/MuLpFWt2OeV6l2tXL/O4yiiQ3SETpCNLlAd3aIGaiKKHtEzekVvxpPxYrwbH7PWgpHP7KM/MD5/ADRhlXY=</latexit>

X̂2 =
14

35

<latexit sha1_base64="rGt13Zi/43gNmf9FG/yZ+ibVKSk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkanUjFN24rGAf0IQymU7aoZMHMzdCCXHjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv997jxYIrsKxvo7C0vLK6VlwvbWxube+Yu3stFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb3RzcRvPzCpeBTewzhmbkAGIfc5JaClnnngDAngTs/GV9jxJaFptZalp+dZzyxbFWsKvEjsnJRRjkbP/HL6EU0CFgIVRKmubcXgpkQCp4JlJSdRLCZ0RAasq2lIAqbcdPpBho+10sd+JHWFgKfq74mUBEqNA093BgSGat6biP953QT8SzflYZwAC+lskZ8IDBGexIH7XDIKYqwJoZLrWzEdEp0D6NBKOgR7/uVF0qpW7FqlendWrl/ncRTRITpCJ8hGF6iOblEDNRFFj+gZvaI348l4Md6Nj1lrwchn9tEfGJ8/N2mVeA==</latexit>

X̂1 =
26

35

<latexit sha1_base64="tIW5KROSMWbZlyaYwP3x3RsPtyI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiStr41QdOOygn1AE8pkOmmHTh7M3AglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HiwVXYFnfRmFldW19o7hZ2tre2d0z9w/aKkokZS0aiUh2PaKY4CFrAQfBurFkJPAE63jjm6nfeWBS8Si8h0nM3IAMQ+5zSkBLfbPsjAhgB0YMCL7Cji8JTWv1LK2fZX2zYlWtGfAysXNSQTmaffPLGUQ0CVgIVBClerYVg5sSCZwKlpWcRLGY0DEZsp6mIQmYctPZExk+1soA+5HUFQKeqb8nUhIoNQk83RkQGKlFbyr+5/US8C/dlIdxAiyk80V+IjBEeJoIHnDJKIiJJoRKrm/FdER0DqBzK+kQ7MWXl0m7VrXPq7W700rjOo+jiMroCJ0gG12gBrpFTdRCFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/gAaipcd</latexit>

✓̂ =
23

35

<latexit sha1_base64="VjvDF4xbyT1ybysx6b2ZYSDdOhQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RTAwkIcxOOsmQ2dl1plcIS37CiwdFvPo73vwbJ4+DJhY0FFXddHeFiZKWfP/by62srq1v5DcLW9s7u3vF/YO6jVMjsCZiFZtGyC0qqbFGkhQ2EoM8ChU+hMObif/whMbKWN/TKMF2xPta9qTg5KRGiwZInOlOseSX/SnYMgnmpARzVDvFr1Y3FmmEmoTi1jYDP6F2xg1JoXBcaKUWEy6GvI9NRzWP0Laz6b1jduKULuvFxpUmNlV/T2Q8snYUha4z4jSwi95E/M9rptS7amdSJymhFrNFvVQxitnkedaVBgWpkSNcGOluZWLADRfkIiq4EILFl5dJ/awcXJT9u/NS5XoeRx6O4BhOIYBLqMAtVKEGAhQ8wyu8eY/ei/fufcxac9585hD+wPv8Actyj84=</latexit>

✓n

<latexit sha1_base64="VjvDF4xbyT1ybysx6b2ZYSDdOhQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RTAwkIcxOOsmQ2dl1plcIS37CiwdFvPo73vwbJ4+DJhY0FFXddHeFiZKWfP/by62srq1v5DcLW9s7u3vF/YO6jVMjsCZiFZtGyC0qqbFGkhQ2EoM8ChU+hMObif/whMbKWN/TKMF2xPta9qTg5KRGiwZInOlOseSX/SnYMgnmpARzVDvFr1Y3FmmEmoTi1jYDP6F2xg1JoXBcaKUWEy6GvI9NRzWP0Laz6b1jduKULuvFxpUmNlV/T2Q8snYUha4z4jSwi95E/M9rptS7amdSJymhFrNFvVQxitnkedaVBgWpkSNcGOluZWLADRfkIiq4EILFl5dJ/awcXJT9u/NS5XoeRx6O4BhOIYBLqMAtVKEGAhQ8wyu8eY/ei/fufcxac9585hD+wPv8Actyj84=</latexit>

✓n<latexit sha1_base64="35mVPN72rEy59XUAaLvKX985uCA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWk9bURim5cVrAPaEKZTCft0MmDmRuhxCz8FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nu8WHAFlvVtFJaWV1bXiuuljc2t7R1zd6+lokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6mfjtByYVj8J7GMfMDcgg5D6nBLTUMw8cGDIg+Ao7viQ0rdaytHaW9cyyVbGmwIvEzkkZ5Wj0zC+nH9EkYCFQQZTq2lYMbkokcCpYVnISxWJCR2TAupqGJGDKTaf3Z/hYK33sR1JXCHiq/p5ISaDUOPB0Z0BgqOa9ifif103Av3RTHsYJsJDOFvmJwBDhSRi4zyWjIMaaECq5vhXTIdE5gI6spEOw519eJK1qxT6vVO9Oy/XrPI4iOkRH6ATZ6ALV0S1qoCai6BE9o1f0ZjwZL8a78TFrLRj5zD76A+PzB5oxlTI=</latexit>

✓ =
23

35



New idea 2: Multiple lexicographic orderings

<latexit sha1_base64="DN9R4qaS4WI6ASmykl5MnbXdZtc=">AAACCnicbVDLTsJAFL31ifhCXbqZiCauSAuiLkncuMREHgkgmQ5TmDCdNjNTI2n6B36AW/0Ed8atP+EX+BtOoQsBT3KTk3PuzT05bsiZ0rb9ba2srq1vbOa28ts7u3v7hYPDpgoiSWiDBDyQbRcrypmgDc00p+1QUuy7nLbc8U3qtx6pVCwQ93oS0p6Ph4J5jGBtpIeuJzGJK5UkLlcvk36haJfsKdAycTJShAz1fuGnOwhI5FOhCcdKdRw71L0YS80Ip0m+GykaYjLGQ9oxVGCfql48TZ2gM6MMkBdIM0Kjqfr3Isa+UhPfNZs+1iO16KXif14n0t51L2YijDQVZPbIizjSAUorQAMmKdF8YggmkpmsiIywKUKboua+6Kc0mkryphlnsYdl0iyXnGrJvrso1k6zjnJwDCdwDg5cQQ1uoQ4NICDhBV7hzXq23q0P63O2umJlN0cwB+vrF+nbmuI=</latexit>

33
256

<latexit sha1_base64="gBXTxcsk3VVegNxh7mfU0EMNBV8=">AAACDXicbVDLSsNAFJ34rPXRqEs3g1VwVZJi1WXBjcsK9gFtKZPppB06mYSZG7GEfIMf4FY/wZ249Rv8An/DSZuFbT1w4XDOvdzD8SLBNTjOt7W2vrG5tV3YKe7u7R+U7MOjlg5jRVmThiJUHY9oJrhkTeAgWCdSjASeYG1vcpv57UemNA/lA0wj1g/ISHKfUwJGGtilnq8ITaqOmybV2lU6sMtOxZkBrxI3J2WUozGwf3rDkMYBk0AF0brrOhH0E6KAU8HSYi/WLCJ0Qkasa6gkAdP9ZBY8xedGGWI/VGYk4Jn69yIhgdbTwDObAYGxXvYy8T+vG4N/00+4jGJgks4f+bHAEOKsBTzkilEQU0MIVdxkxXRMTBNgulr4Ak9ZNJ0WTTPucg+rpFWtuLWKc39Zrp/lHRXQCTpFF8hF16iO7lADNRFFMXpBr+jNerberQ/rc766ZuU3x2gB1tcv1QSbSg==</latexit>

201
256

<latexit sha1_base64="+9ixvy3BEqFS5p9uB4kkyxvvKVs=">AAACDXicbVDLSsNAFL2pr1ofjbp0E6yCq5JUqy4LblxWsA9oQ5lMJ+3QySTMTMQS8g1+gFv9BHfi1m/wC/wNJ20WtvXAhcM593IPx4sYlcq2v43C2vrG5lZxu7Szu7dfNg8O2zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxJreZ33kkQtKQP6hpRNwAjTj1KUZKSwOz3PcFwkntwkmTWv0qHZgVu2rPYK0SJycVyNEcmD/9YYjjgHCFGZKy59iRchMkFMWMpKV+LEmE8ASNSE9TjgIi3WQWPLXOtDK0/FDo4cqaqX8vEhRIOQ08vRkgNZbLXib+5/Vi5d+4CeVRrAjH80d+zCwVWlkL1pAKghWbaoKwoDqrhcdIN6F0Vwtf1FMWTaYl3Yyz3MMqadeqTr1q319WGqd5R0U4hhM4BweuoQF30IQWYIjhBV7hzXg23o0P43O+WjDymyNYgPH1C9nkm00=</latexit>

231
256

<latexit sha1_base64="AE9stA1xsTAAAGmIU+ONg2ayiQc=">AAACDXicbVDLSsNAFJ34rPXRqEs3g1VwVZJi1WXBjcsK9gFtKZPppB06mYSZG7GEfIMf4FY/wZ249Rv8An/DSZuFbT1w4XDOvdzD8SLBNTjOt7W2vrG5tV3YKe7u7R+U7MOjlg5jRVmThiJUHY9oJrhkTeAgWCdSjASeYG1vcpv57UemNA/lA0wj1g/ISHKfUwJGGtilnq8ITVzHTZNq7Sod2GWn4syAV4mbkzLK0RjYP71hSOOASaCCaN11nQj6CVHAqWBpsRdrFhE6ISPWNVSSgOl+Mgue4nOjDLEfKjMS8Ez9e5GQQOtp4JnNgMBYL3uZ+J/XjcG/6SdcRjEwSeeP/FhgCHHWAh5yxSiIqSGEKm6yYjompgkwXS18gacsmk6Lphl3uYdV0qpW3FrFub8s18/yjgroBJ2iC+Sia1RHd6iBmoiiGL2gV/RmPVvv1of1OV9ds/KbY7QA6+sX02ObSQ==</latexit>

101
256

<latexit sha1_base64="dA20qNs6Yp8/t9jBKS/MdqCd0Kw=">AAACCnicbVDLTsJAFJ36RHyhLt1MRBNXpCUiLEncuMREHgkgmQ5TmDCdNjO3RtL0D/wAt/oJ7oxbf8Iv8DecQhcCnuQmJ+fcm3ty3FBwDbb9ba2tb2xubed28rt7+weHhaPjlg4iRVmTBiJQHZdoJrhkTeAgWCdUjPiuYG13cpP67UemNA/kPUxD1vfJSHKPUwJGeuh5itC4Vk3icuU6GRSKdsmeAa8SJyNFlKExKPz0hgGNfCaBCqJ117FD6MdEAaeCJflepFlI6ISMWNdQSXym+/EsdYIvjDLEXqDMSMAz9e9FTHytp75rNn0CY73speJ/XjcCr9aPuQwjYJLOH3mRwBDgtAI85IpREFNDCFXcZMV0TEwRYIpa+AJPaTSd5E0zznIPq6RVLjmVkn13VayfZx3l0Ck6Q5fIQVVUR7eogZqIIoVe0Ct6s56td+vD+pyvrlnZzQlagPX1C/h3mus=</latexit>

87
256

<latexit sha1_base64="xpJXkm9TY/2axVEyVsfy2cxF2is=">AAACCnicbVDLTsJAFJ3iC/GFunQzEU1ckZYIuiRx4xITeSSAZDpMYcJ02szcGknTP/AD3OonuDNu/Qm/wN9wCl0IeJKbnJxzb+7JcUPBNdj2t5VbW9/Y3MpvF3Z29/YPiodHLR1EirImDUSgOi7RTHDJmsBBsE6oGPFdwdru5Cb1249MaR7Ie5iGrO+TkeQepwSM9NDzFKFxrZrElWotGRRLdtmeAa8SJyMllKExKP70hgGNfCaBCqJ117FD6MdEAaeCJYVepFlI6ISMWNdQSXym+/EsdYLPjTLEXqDMSMAz9e9FTHytp75rNn0CY73speJ/XjcC77ofcxlGwCSdP/IigSHAaQV4yBWjIKaGEKq4yYrpmJgiwBS18AWe0mg6KZhmnOUeVkmrUnaqZfvuslQ/yzrKoxN0ii6Qg65QHd2iBmoiihR6Qa/ozXq23q0P63O+mrOym2O0AOvrF/H5muc=</latexit>

65
256

<latexit sha1_base64="bqBizjIyAPYTiHi7jDiWx43cM2s=">AAACDXicbVDLSsNAFL3xWeujUZduBqvgqiTFqsuCG5cV7APaUibTSTt0MgkzE7GEfIMf4FY/wZ249Rv8An/DSZuFbT1w4XDOvdzD8SLOlHacb2ttfWNza7uwU9zd2z8o2YdHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG17k9vMbz9SqVgoHvQ0ov0AjwTzGcHaSAO71PMlJolbc9KkWrtKB3bZqTgzoFXi5qQMORoD+6c3DEkcUKEJx0p1XSfS/QRLzQinabEXKxphMsEj2jVU4ICqfjILnqJzowyRH0ozQqOZ+vciwYFS08AzmwHWY7XsZeJ/XjfW/k0/YSKKNRVk/siPOdIhylpAQyYp0XxqCCaSmayIjLFpQpuuFr7opyyaSoumGXe5h1XSqlbcWsW5vyzXz/KOCnACp3ABLlxDHe6gAU0gEMMLvMKb9Wy9Wx/W53x1zcpvjmEB1tcv2eSbTQ==</latexit>

150
256

<latexit sha1_base64="w4zCx/2tFv+fPRZ7FvRLpeHFU9o=">AAACDXicbVDLSsNAFJ3UV62PRl26GayCq5KUVl0W3LisYB/QhjKZTtqhkwczN2IJ+QY/wK1+gjtx6zf4Bf6GkzYL23rgwuGce7mH40aCK7Csb6Owsbm1vVPcLe3tHxyWzaPjjgpjSVmbhiKUPZcoJnjA2sBBsF4kGfFdwbru9Dbzu49MKh4GDzCLmOOTccA9TgloaWiWB54kNKnVrTSpNa7SoVmxqtYceJ3YOamgHK2h+TMYhTT2WQBUEKX6thWBkxAJnAqWlgaxYhGhUzJmfU0D4jPlJPPgKb7Qygh7odQTAJ6rfy8S4is181296ROYqFUvE//z+jF4N07CgygGFtDFIy8WGEKctYBHXDIKYqYJoZLrrJhOiG4CdFdLX+Api6bSkm7GXu1hnXRqVbtRte7rleZ53lERnaIzdIlsdI2a6A61UBtRFKMX9IrejGfj3fgwPherBSO/OUFLML5+Adnlm00=</latexit>

240
256

<latexit sha1_base64="QD+pS7NZ4aN2PP0XqebzMPG3YvI=">AAACCnicbVDLSsNAFL3xWeur6tLNYBVclaRYdVlw47KCfUAby2Q6aYdOJmFmIpaQP/AD3OonuBO3/oRf4G84abOwrQcuHM65l3s4XsSZ0rb9ba2srq1vbBa2its7u3v7pYPDlgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98U3mtx+pVCwU93oSUTfAQ8F8RrA20kPPl5gkTjVNqrXLtF8q2xV7CrRMnJyUIUejX/rpDUISB1RowrFSXceOtJtgqRnhNC32YkUjTMZ4SLuGChxQ5SbT1Ck6M8oA+aE0IzSaqn8vEhwoNQk8sxlgPVKLXib+53Vj7V+7CRNRrKkgs0d+zJEOUVYBGjBJieYTQzCRzGRFZIRNEdoUNfdFP2XRVFo0zTiLPSyTVrXi1Cr23UW5fpp3VIBjOIFzcOAK6nALDWgCAQkv8Apv1rP1bn1Yn7PVFSu/OYI5WF+/5Pya3w==</latexit>

12
256

<latexit sha1_base64="3J3RZSxAKKdgUYFqhNlnxaKzFgk=">AAACDXicbVDLTsJAFL3FF+KDqks3E9HEFWmJiO5I3LjERJAEGjIdpjBh+sjM1EiafoMf4FY/wZ1x6zf4Bf6GU+hCwJPc5OSce3NPjhtxJpVlfRuFtfWNza3idmlnd2+/bB4cdmQYC0LbJOSh6LpYUs4C2lZMcdqNBMW+y+mDO7nJ/IdHKiQLg3s1jajj41HAPEaw0tLALPc9gUliXzfSpFa/TAdmxapaM6BVYuekAjlaA/OnPwxJ7NNAEY6l7NlWpJwEC8UIp2mpH0saYTLBI9rTNMA+lU4yC56iM60MkRcKPYFCM/XvRYJ9Kae+qzd9rMZy2cvE/7xerLwrJ2FBFCsakPkjL+ZIhShrAQ2ZoETxqSaYCKazIjLGugmlu1r4op6yaDIt6Wbs5R5WSadWtetV6+6i0jzNOyrCMZzAOdjQgCbcQgvaQCCGF3iFN+PZeDc+jM/5asHIb45gAcbXL+u9m1g=</latexit>

197
256

<latexit sha1_base64="nZi6WdFWEjsNiMXtBau13FtLqJo=">AAACCnicbVDLTsJAFJ3iC/GFunQzEU1ckZaAuiRx4xITeSSAZDpMYcJ02szcGknTP/AD3OonuDNu/Qm/wN9wCl0IeJKbnJxzb+7JcUPBNdj2t5VbW9/Y3MpvF3Z29/YPiodHLR1EirImDUSgOi7RTHDJmsBBsE6oGPFdwdru5Cb1249MaR7Ie5iGrO+TkeQepwSM9NDzFKFxrZrEldplMiiW7LI9A14lTkZKKENjUPzpDQMa+UwCFUTrrmOH0I+JAk4FSwq9SLOQ0AkZsa6hkvhM9+NZ6gSfG2WIvUCZkYBn6t+LmPhaT33XbPoExnrZS8X/vG4E3nU/5jKMgEk6f+RFAkOA0wrwkCtGQUwNIVRxkxXTMTFFgClq4Qs8pdF0UjDNOMs9rJJWpezUyvZdtVQ/yzrKoxN0ii6Qg65QHd2iBmoiihR6Qa/ozXq23q0P63O+mrOym2O0AOvrF+66muU=</latexit>

54
256

<latexit sha1_base64="dALXpOkQ1NmmWKLNgpZOLcm6mos=">AAACCnicbVDLTsJAFJ36RHyhLt1MRBNXpCWgLEncuMREHgkgmQ5TmDCdNjO3RtL0D/wAt/oJ7oxbf8Iv8DecQhcCnuQmJ+fcm3ty3FBwDbb9ba2tb2xubed28rt7+weHhaPjlg4iRVmTBiJQHZdoJrhkTeAgWCdUjPiuYG13cpP67UemNA/kPUxD1vfJSHKPUwJGeuh5itC4VknicvUqGRSKdsmeAa8SJyNFlKExKPz0hgGNfCaBCqJ117FD6MdEAaeCJflepFlI6ISMWNdQSXym+/EsdYIvjDLEXqDMSMAz9e9FTHytp75rNn0CY73speJ/XjcCr9aPuQwjYJLOH3mRwBDgtAI85IpREFNDCFXcZMV0TEwRYIpa+AJPaTSd5E0zznIPq6RVLjnVkn1XKdbPs45y6BSdoUvkoGtUR7eogZqIIoVe0Ct6s56td+vD+pyvrlnZzQlagPX1C/Oamug=</latexit>

84
256

<latexit sha1_base64="RZuhe+5ykBm/sfRfyiC7ewFDnz0=">AAACCnicbVDLTsJAFL3FF+ILdelmIpq4Ii0RZUnixiUm8kgAyXSYwoTptJmZGknTP/AD3OonuDNu/Qm/wN9wCl0IeJKbnJxzb+7JcUPOlLbtbyu3tr6xuZXfLuzs7u0fFA+PWiqIJKFNEvBAdlysKGeCNjXTnHZCSbHvctp2Jzep336kUrFA3OtpSPs+HgnmMYK1kR56nsQkrtlJXKleJYNiyS7bM6BV4mSkBBkag+JPbxiQyKdCE46V6jp2qPsxlpoRTpNCL1I0xGSCR7RrqMA+Vf14ljpB50YZIi+QZoRGM/XvRYx9paa+azZ9rMdq2UvF/7xupL1aP2YijDQVZP7IizjSAUorQEMmKdF8aggmkpmsiIyxKUKboha+6Kc0mkoKphlnuYdV0qqUnWrZvrss1c+yjvJwAqdwAQ5cQx1uoQFNICDhBV7hzXq23q0P63O+mrOym2NYgPX1C+0emuQ=</latexit>

80
256

<latexit sha1_base64="sR/ol/vpSRRxayQO8mQEJExA/pQ=">AAACCnicbVDLTsJAFJ36RHyhLt1MRBNXpEXxsSNx4xITeSSAZDpMYcJ02szcGknTP/AD3OonuDNu/Qm/wN9wCl0IeJKbnJxzb+7JcUPBNdj2t7W0vLK6tp7byG9ube/sFvb2GzqIFGV1GohAtVyimeCS1YGDYK1QMeK7gjXd0U3qNx+Z0jyQ9zAOWdcnA8k9TgkY6aHjKULj67MkLlcukl6haJfsCfAicTJSRBlqvcJPpx/QyGcSqCBatx07hG5MFHAqWJLvRJqFhI7IgLUNlcRnuhtPUif4xCh97AXKjAQ8Uf9exMTXeuy7ZtMnMNTzXir+57Uj8K66MZdhBEzS6SMvEhgCnFaA+1wxCmJsCKGKm6yYDokpAkxRM1/gKY2mk7xpxpnvYZE0yiWnUrLvzovV46yjHDpER+gUOegSVdEtqqE6okihF/SK3qxn6936sD6nq0tWdnOAZmB9/QLzm5ro</latexit>

93
256

<latexit sha1_base64="cZWul23flXEdiJC6CGEdCIxQn4g=">AAACDXicbVDLSsNAFL2pr1ofjbp0E6yCq5JUqy4LblxWsA9oQ5lMJ+3QySTMTMQS8g1+gFv9BHfi1m/wC/wNJ20WtvXAhcM593IPx4sYlcq2v43C2vrG5lZxu7Szu7dfNg8O2zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxJreZ33kkQtKQP6hpRNwAjTj1KUZKSwOz3PcFwknNuUiTWv0qHZgVu2rPYK0SJycVyNEcmD/9YYjjgHCFGZKy59iRchMkFMWMpKV+LEmE8ASNSE9TjgIi3WQWPLXOtDK0/FDo4cqaqX8vEhRIOQ08vRkgNZbLXib+5/Vi5d+4CeVRrAjH80d+zCwVWlkL1pAKghWbaoKwoDqrhcdIN6F0Vwtf1FMWTaYl3Yyz3MMqadeqTr1q319WGqd5R0U4hhM4BweuoQF30IQWYIjhBV7hzXg23o0P43O+WjDymyNYgPH1C9nim00=</latexit>

213
256

<latexit sha1_base64="NJvm0vw81yoORau/YzX95wEz8Qg=">AAACDXicbVDLTsJAFL3FF+KDqks3jWjiRtISUJYkblxiIo8ECJkOU5gwnTYzUyNp+g1+gFv9BHfGrd/gF/gbTqELAU9yk5Nz7s09OW7IqFS2/W3kNja3tnfyu4W9/YPDonl03JZBJDBp4YAFousiSRjlpKWoYqQbCoJ8l5GOO71N/c4jEZIG/EHNQjLw0ZhTj2KktDQ0i1d9TyAcV+tJXKldJ0OzZJftOax14mSkBBmaQ/OnPwpw5BOuMENS9hw7VIMYCUUxI0mhH0kSIjxFY9LTlCOfyEE8D55YF1oZWV4g9HBlzdW/FzHypZz5rt70kZrIVS8V//N6kfLqg5jyMFKE48UjL2KWCqy0BWtEBcGKzTRBWFCd1cITpItQuqulL+opjSaTgm7GWe1hnbQrZadWtu+rpcZ51lEeTuEMLsGBG2jAHTShBRgieIFXeDOejXfjw/hcrOaM7OYElmB8/QLdU5tQ</latexit>

� 48
256

<latexit sha1_base64="nKn8t+GcytLT7bzJUc6i3aAgRlk=">AAACDnicbVBLTgJBFHyDP8TfqEs3HdHEjWSGALokceMSE/kkQEhP0wMdej7p7iGSydzBA7jVI7gzbr2CJ/Aa9sAsBKzkJZWq9/Iq5YScSWVZ30ZuY3Nreye/W9jbPzg8Mo9PWjKIBKFNEvBAdBwsKWc+bSqmOO2EgmLP4bTtTO5Svz2lQrLAf1SzkPY9PPKZywhWWhqY5nXPFZjEdq2SxOVqLRmYRatkzYHWiZ2RImRoDMyf3jAgkUd9RTiWsmtboerHWChGOE0KvUjSEJMJHtGupj72qOzH8+QJutTKELmB0OMrNFf/XsTYk3LmOXrTw2osV71U/M/rRsq97cfMDyNFfbJ45EYcqQClNaAhE5QoPtMEE8F0VkTGWDehdFlLX9RTGk0mBd2MvdrDOmmVS3a1ZD1UivWLrKM8nME5XIENN1CHe2hAEwhM4QVe4c14Nt6ND+NzsZozsptTWILx9QtRy5uJ</latexit>

�164
256

<latexit sha1_base64="9eBHtRY08T9JYiFu+oQbprnlLeY=">AAACDXicbVDLSsNAFL3xWeujUZduglVwVZLSWpcFNy4r2Ae0oUymk3boZBJmJmIJ+QY/wK1+gjtx6zf4Bf6GkzYL23rgwuGce7mH40WMSmXb38bG5tb2zm5hr7h/cHhUMo9POjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1preZ330kQtKQP6hZRNwAjTn1KUZKS0OzNPAFwolTa6RJtX6dDs2yXbHnsNaJk5My5GgNzZ/BKMRxQLjCDEnZd+xIuQkSimJG0uIgliRCeIrGpK8pRwGRbjIPnlqXWhlZfij0cGXN1b8XCQqknAWe3gyQmshVLxP/8/qx8m/chPIoVoTjxSM/ZpYKrawFa0QFwYrNNEFYUJ3VwhOkm1C6q6Uv6imLJtOibsZZ7WGddKoVp16x72vl5kXeUQHO4ByuwIEGNOEOWtAGDDG8wCu8Gc/Gu/FhfC5WN4z85hSWYHz9AuOdm1M=</latexit>

147
256

<latexit sha1_base64="9eBHtRY08T9JYiFu+oQbprnlLeY=">AAACDXicbVDLSsNAFL3xWeujUZduglVwVZLSWpcFNy4r2Ae0oUymk3boZBJmJmIJ+QY/wK1+gjtx6zf4Bf6GkzYL23rgwuGce7mH40WMSmXb38bG5tb2zm5hr7h/cHhUMo9POjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1preZ330kQtKQP6hZRNwAjTn1KUZKS0OzNPAFwolTa6RJtX6dDs2yXbHnsNaJk5My5GgNzZ/BKMRxQLjCDEnZd+xIuQkSimJG0uIgliRCeIrGpK8pRwGRbjIPnlqXWhlZfij0cGXN1b8XCQqknAWe3gyQmshVLxP/8/qx8m/chPIoVoTjxSM/ZpYKrawFa0QFwYrNNEFYUJ3VwhOkm1C6q6Uv6imLJtOibsZZ7WGddKoVp16x72vl5kXeUQHO4ByuwIEGNOEOWtAGDDG8wCu8Gc/Gu/FhfC5WN4z85hSWYHz9AuOdm1M=</latexit>

147
256

<latexit sha1_base64="9eBHtRY08T9JYiFu+oQbprnlLeY=">AAACDXicbVDLSsNAFL3xWeujUZduglVwVZLSWpcFNy4r2Ae0oUymk3boZBJmJmIJ+QY/wK1+gjtx6zf4Bf6GkzYL23rgwuGce7mH40WMSmXb38bG5tb2zm5hr7h/cHhUMo9POjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1preZ330kQtKQP6hZRNwAjTn1KUZKS0OzNPAFwolTa6RJtX6dDs2yXbHnsNaJk5My5GgNzZ/BKMRxQLjCDEnZd+xIuQkSimJG0uIgliRCeIrGpK8pRwGRbjIPnlqXWhlZfij0cGXN1b8XCQqknAWe3gyQmshVLxP/8/qx8m/chPIoVoTjxSM/ZpYKrawFa0QFwYrNNEFYUJ3VwhOkm1C6q6Uv6imLJtOibsZZ7WGddKoVp16x72vl5kXeUQHO4ByuwIEGNOEOWtAGDDG8wCu8Gc/Gu/FhfC5WN4z85hSWYHz9AuOdm1M=</latexit>

147
256

<latexit sha1_base64="EVeiGFncRkQDedl2aD6lruCqhNI=">AAACCnicbVDLTsJAFJ36RHyhLt1MRBNXpCWiuCNx4xITeSSAZDpMYcJ02szcGknTP/AD3OonuDNu/Qm/wN9wCl0IeJKbnJxzb+7JcUPBNdj2t7Wyura+sZnbym/v7O7tFw4OmzqIFGUNGohAtV2imeCSNYCDYO1QMeK7grXc8U3qtx6Z0jyQ9zAJWc8nQ8k9TgkY6aHrKULj6nUSlyuXSb9QtEv2FHiZOBkpogz1fuGnOwho5DMJVBCtO44dQi8mCjgVLMl3I81CQsdkyDqGSuIz3YunqRN8ZpQB9gJlRgKeqn8vYuJrPfFds+kTGOlFLxX/8zoReNVezGUYAZN09siLBIYApxXgAVeMgpgYQqjiJiumI2KKAFPU3Bd4SqPpJG+acRZ7WCbNcsmplOy7i2LtNOsoh47RCTpHDrpCNXSL6qiBKFLoBb2iN+vZerc+rM/Z6oqV3RyhOVhfv/u1mu0=</latexit>

89
256

<latexit sha1_base64="InHunue2+b9pvduWkbqP2gG88VM=">AAACCXicbVDLTsJAFJ3iC/GFunQzEU1ckZaIuCRx4xITeSTQkOkwhQnTaZ25NZKmX+AHuNVPcGfc+hV+gb/hFFgIeJKbnJxzb+7J8SLBNdj2t5VbW9/Y3MpvF3Z29/YPiodHLR3GirImDUWoOh7RTHDJmsBBsE6kGAk8wdre+Cbz249MaR7Ke5hEzA3IUHKfUwJGcnu+IjSppUmlepX2iyW7bE+BV4kzJyU0R6Nf/OkNQhoHTAIVROuuY0fgJkQBp4KlhV6sWUTomAxZ11BJAqbdZBo6xedGGWA/VGYk4Kn69yIhgdaTwDObAYGRXvYy8T+vG4N/7SZcRjEwSWeP/FhgCHHWAB5wxSiIiSGEKm6yYjoipgcwPS18gacsmk4LphlnuYdV0qqUnWrZvrss1c/mHeXRCTpFF8hBNVRHt6iBmoiiB/SCXtGb9Wy9Wx/W52w1Z81vjtECrK9fdfOaqQ==</latexit>

7
256

<latexit sha1_base64="q63i4serg76PVVkpXGzkl8a7JRY=">AAACDXicbVBLTgJBFHyDP8QPoy7ddEQTN5IZFHRJ4sYlJvJJgJCepgc69HzS3WMkkzmDB3CrR3Bn3HoGT+A17IFZCFjJSypV7+VVygk5k8qyvo3c2vrG5lZ+u7Czu7dfNA8OWzKIBKFNEvBAdBwsKWc+bSqmOO2EgmLP4bTtTG5Tv/1IhWSB/6CmIe17eOQzlxGstDQwixc9V2AS1y6TuFKtJQOzZJWtGdAqsTNSggyNgfnTGwYk8qivCMdSdm0rVP0YC8UIp0mhF0kaYjLBI9rV1Mcelf14FjxBZ1oZIjcQenyFZurfixh7Uk49R296WI3lspeK/3ndSLk3/Zj5YaSoT+aP3IgjFaC0BTRkghLFp5pgIpjOisgY6yKU7mrhi3pKo8mkoJuxl3tYJa1K2a6WrfurUv006ygPx3AC52DDNdThDhrQBAIRvMArvBnPxrvxYXzOV3NGdnMECzC+fgHYeJtN</latexit>

� 63
256

differences:

<latexit sha1_base64="yM2rWAqDd8KYHEWv4ASasbuids8=">AAACCnicbVDLTsJAFL3FF+ILdelmIpq4Ii0RcUnixiUm8kgAyXSYwoTptJmZGknTP/AD3OonuDNu/Qm/wN9wCl0IeJKbnJxzb+7JcUPOlLbtbyu3tr6xuZXfLuzs7u0fFA+PWiqIJKFNEvBAdlysKGeCNjXTnHZCSbHvctp2Jzep336kUrFA3OtpSPs+HgnmMYK1kR56nsQkdmpJXKleJYNiyS7bM6BV4mSkBBkag+JPbxiQyKdCE46V6jp2qPsxlpoRTpNCL1I0xGSCR7RrqMA+Vf14ljpB50YZIi+QZoRGM/XvRYx9paa+azZ9rMdq2UvF/7xupL3rfsxEGGkqyPyRF3GkA5RWgIZMUqL51BBMJDNZERljU4Q2RS180U9pNJUUTDPOcg+rpFUpO9WyfXdZqp9lHeXhBE7hAhyoQR1uoQFNICDhBV7hzXq23q0P63O+mrOym2NYgPX1C+0XmuQ=</latexit>

17
256

<latexit sha1_base64="Mb5Ur/RRsLhL12Q58sw/Jl4GTDM="></latexit>

✓̂ = 1 � 147
256 =

109
256 = 0.426

X1

<latexit sha1_base64="wMH5rrk07cZmoRqpfSqqtwnZ/mI=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWtA9oh5JJM21okhmSjFiGbty71V9wJ279E//AzzDTzsK2HggczrmvnCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLrJ/NYjVZpF8sGMY+oLPJAsZAQbK923e16vXHGr7hRomXg5qUCOeq/80+1HJBFUGsKx1h3PjY2fYmUY4XRS6iaaxpiM8IB2LJVYUO2n01Mn6MQqfRRGyj5p0FT925FiofVYBLZSYDPUi14m/ud1EhNe+imTcWKoJLNFYcKRiVD2b9RnihLDx5Zgopi9FZEhVpgYm87clmx2bMTTpGSj8RaDWCbNs6p3Xr26O6/UrvOQinAEx3AKHlxADW6hDg0gMIAXeIU359l5dz6cz1lpwcl7DmEOztcviTaW+g==</latexit>

X2

<latexit sha1_base64="GraZLNWhO9F6sZfema7DBlOIpHs=">AAACAHicbVDLTgIxFL2DL8QX6tJNIzFxRWYIibojunGJUR4JTEindKCh7UzajpEQNu7d6i+4M279E//Az7ADsxDwJE1OzrmvniDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLpJ/dYjVZpF8sGMY+oLPJAsZAQbK923e5VeseSW3RnQKvEyUoIM9V7xp9uPSCKoNIRjrTueGxt/gpVhhNNpoZtoGmMywgPasVRiQbU/mZ06RWdW6aMwUvZJg2bq344JFlqPRWArBTZDveyl4n9eJzHhpT9hMk4MlWS+KEw4MhFK/436TFFi+NgSTBSztyIyxAoTY9NZ2JLOjo14mhZsNN5yEKukWSl71fLVXbVUu85CysMJnMI5eHABNbiFOjSAwABe4BXenGfn3flwPuelOSfrOYYFOF+/itCW+w==</latexit>

<latexit sha1_base64="/hps907eGnJ/wgju3PfzDLz+qKQ=">AAACCnicbVDLSsNAFJ3UV62vqks3g1VwVZJSsRuh4MZlBfuANpbJdNIOnUzCzI1YQv/AD3Crn+BO3PoTfoG/4aTNwrYeuHA4517u4XiR4Bps+9vKra1vbG7ltws7u3v7B8XDo5YOY0VZk4YiVB2PaCa4ZE3gIFgnUowEnmBtb3yT+u1HpjQP5T1MIuYGZCi5zykBIz30YMSA4Gtsl6uVWr9Yssv2DHiVOBkpoQyNfvGnNwhpHDAJVBCtu44dgZsQBZwKNi30Ys0iQsdkyLqGShIw7Saz1FN8bpQB9kNlRgKeqX8vEhJoPQk8sxkQGOllLxX/87ox+DU34TKKgUk6f+THAkOI0wrwgCtGQUwMIVRxkxXTEVGEgilq4Qs8pdH0tGCacZZ7WCWtStm5LNt31VL9LOsoj07QKbpADrpCdXSLGqiJKFLoBb2iN+vZerc+rM/5as7Kbo7RAqyvX02fmeI=</latexit>

✓ = 0.428

<latexit sha1_base64="OUqoQ1fxiqNsobI7KEBtcfpkJlQ=">AAACBHicbVDLSsNAFL3xWeur6tLNYBVclUQUXRbcuKxg20AbymQ6aYdOHszciCV06we41U9wJ279D7/A33DSZmFbDwwczrmXe+b4iRQabfvbWlldW9/YLG2Vt3d29/YrB4ctHaeK8SaLZaxcn2ouRcSbKFByN1Gchr7kbX90m/vtR660iKMHHCfcC+kgEoFgFI3kdocUidtzepWqXbOnIMvEKUgVCjR6lZ9uP2ZpyCNkkmrdcewEvYwqFEzySbmbap5QNqID3jE0oiHXXjbNOyFnRumTIFbmRUim6t+NjIZaj0PfTIYUh3rRy8X/vE6KwY2XiShJkUdsdihIJcGY5J8nfaE4Qzk2hDIlTFbChlRRhqaiuSv4lEfTk7JpxlnsYZm0LmrOVc2+v6zWT4uOSnAMJ3AODlxDHe6gAU1gIOEFXuHNerberQ/rcza6YhU7RzAH6+sXS5SYXA==</latexit>

X̂1

<latexit sha1_base64="tyTN5wtZusAUXDFxWZh2AFE9/EY=">AAACBHicbVBLTgJBFHyDP8Qf6tJNRzRxRWaIRpckblxiIjAJTEhP00CHnk+63xjJhK0HcKtHcGfceg9P4DXsgVkIWEknlar38qrLj6XQaNvfVmFtfWNzq7hd2tnd2z8oHx61dJQoxpsskpFyfaq5FCFvokDJ3VhxGviSt/3xbea3H7nSIgofcBJzL6DDUAwEo2gktzuiSNxerVeu2FV7BrJKnJxUIEejV/7p9iOWBDxEJqnWHceO0UupQsEkn5a6ieYxZWM65B1DQxpw7aWzvFNybpQ+GUTKvBDJTP27kdJA60ngm8mA4kgve5n4n9dJcHDjpSKME+Qhmx8aJJJgRLLPk75QnKGcGEKZEiYrYSOqKENT0cIVfMqi6WnJNOMs97BKWrWqc1W17y8r9bO8oyKcwClcgAPXUIc7aEATGEh4gVd4s56td+vD+pyPFqx85xgWYH39Ak0tmF0=</latexit>

X̂2

¨ Encode location of lexicographically first suffix different lexicographic 
ordering



Fundamental Limits of Sketching

¨ Previous approach based on min-hash achieves
<latexit sha1_base64="nOXRIts6ZNHwCpb2Uop/6K8NqL8=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGVpUoKAsaqdGAsEn1ITVU5rtNadexgO0hVlIWFX2FhACFW/oGNv8FtM0DLka50fM698r3HjxhV2nG+raXlldW19dxGfnNre2fX3ttvKhFLTBpYMCHbPlKEUU4ammpG2pEkKPQZafmj64nfeiBSUcHv9Dgi3RANOA0oRtpIPfuoWqydQo+Re+gFEuHkzDzEAPI0qaU9u+CUnCngInEzUgAZ6j37y+sLHIeEa8yQUh3XiXQ3QVJTzEia92JFIoRHaEA6hnIUEtVNplek8MQofRgIaYprOFV/TyQoVGoc+qYzRHqo5r2J+J/XiXVw1U0oj2JNOJ59FMQMagEnkcA+lQRrNjYEYUnNrhAPkQlDm+DyJgR3/uRF0iyX3ItS+fa8UKlmceTAITgGReCCS1ABN6AOGgCDR/AMXsGb9WS9WO/Wx6x1ycpmDsAfWJ8/PMuXKg==</latexit>

B(D)  3 log n

D

minimum sketch size
distortion

Theorem: The function B(D) satisfies
<latexit sha1_base64="HY9J7OzCKJshQutYuPkOAHFrSzE="></latexit>

K1 · log
✓

1

D

◆
 B(D)  K2 · log2

✓
1

D

◆

New sketching idea: 

Lexicographic Hashing

I. Shomorony and G. Kamath, Sketching and Sequence Alignment: A Rate-Distortion Perspective, ISIT, 2022



Practical overlap finding: LexicHash

¨ Sequence alignment tool based on lexicographic hashing
¨ More accurate overlap estimates
¨ Avoids need to select parameter k from min-hash

9 13 7 14 28 91 0 31 4 5 45 13

31 86 53 6 7 18 9 23 9 70 3 94

6 7 41 42 32 9 91 10 5 34 54 8

40 2 61 3 8 30 92 42 90 25 72 81

17 97 13 52 48 5 45 37 23 1 74 19

h2
h3
h4
h5

X1

h1 9 13 7 14 28 91 0 31 4 5 45 139 139

[0 3 5 2 1]

k-mer

G. Greenberg, A. Ravi, I. Shomorony, LexicHash: Sequence Similarity Estimation
via Lexicographic Comparison of Hashes (submitted)



Practical overlap finding: LexicHash

¨ Sequence alignment tool based on lexicographic hashing
¨ More accurate overlap estimates
¨ Avoids need to select parameter k from min-hash

¨ Significant improvements in overlap classification:

S. pyogenes P. falciparum   

G. Greenberg, A. Ravi, I. Shomorony, LexicHash: Sequence Similarity Estimation
via Lexicographic Comparison of Hashes (submitted)



Metagenomics

DNA storage

The wonders of high-throughput sequencing

RNA-seq high-throughput 
sequencer

Genome sequencing

• No location/ordering information!

Outline:

• Information-theoretic limits of   
out-of-order channels

• Efficiently finding overlaps

1

2



Out-of-order information?

¨ Packet networks

10110110

00010101

11011011

10000100

11011101

00101000

11101001

1010011110110110

00010101

11011011

10000100

11011101

00101000

11101001

10100111

Packets:

Random delay on each path

Shuffling channel



Out-of-order information?

¨ Intermittent broadcast communication?

0 1 1 0 0 0 1 1 1 0 1 0 1 0 1 0 1 : 0 1 1 0 0 0 1 1 1 0 1 0 1 0 1 0 1 : 0 1 1 0 0 0 1 1 1 0 1 0 1 0 1 0 1  

1 1 1 0 1 0 1 0 0 1 0 1 0 1 0 0 0 0 1



Out-of-order information?

¨ Dataset alignment?



Out-of-Order Information Theory?

0 1 1 0 0 0 1 1 1 0 1 0 1 0 1 0 1 : 0 1 1 0 0 0 1 1 1 0 1 0 1 0 1 0 1 : 0 1 1 0 0 0 1 1 1 0 1 0 1 0 1 0 1  

1 1 1 0 1 0 1 0 0 1 0 1 0 1 0 0 0 0 1

high-throughput 
sequencer

10110110

00010101

11011011

10000100

11011101

00101000

11101001

1010011110110110

00010101

11011011

10000100

11011101

00101000

11101001

10100111

Packets:

Random delay on each path

Shuffling channel

Thank you!


